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I. INTRODUCTION 

In recent work, we have been developing a new ap- 
proach to the study of superspace, namely by means of 
harmonic and Clifford analysis (see e.g. [H, 0, H, 0, 0] ) • 
The main feature of this approach, when working over the 
superspace R m l 2n , generated by m commuting or bosonic 
variables Xi and 2n anti-commuting or fcrmionic vari- 
ables x\, is the introduction of a super Laplace operator 
A and a generalized norm squared X 2 , defined by 

n m 

A = E 9 * 

3=1 3=1 

n m 

X 2 = X 2 + X 2 = E x 2j -ix 2j -J2 x2 J- 

3=1 3=1 

If we calculate the action of A on X 2 , we find 
A(X 2 ) = 2(m-2n) = 2M. 

M is the so-called super-dimension, a numerical pa- 
rameter that characterizes several global features of the 
superspace R m ' 2 ™ (see e.g. 

The aim of this paper is to show that this new frame- 
work can be used to study a Schrodinger equation on 
superspace, in the case where a delta potential is con- 
sidered. This is physically interesting, because the 
Schrodinger equation in basic quantum mechanics is of 
course of the utmost importance. However, it is quite 
cumbersome to treat fermionic particles when only us- 
ing commuting variables, as one has to anti-symmetrize 
the resulting wave functions in order to satisfy Pauli's 
exclusion principle. Due to the anti-commutativity of 
the variables x\, this problem is immediately tackled by 
the use of superspaces, which hence allow for an elegant 
and simultaneous description of bosonic and fermionic 
degrees of freedom. 

On the other hand, most physical theories using super- 
spaces and supermanifolds are dealing with highly theo- 
retical problems, in subjects ranging from super-gravity 
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to super-string-theory. It is thus very interesting and ed- 
ucational to see that also the theory of basic quantum 
mechanics is extendable to such superspaces, and that 
moreover the resulting spectra are given by replacing the 
ordinary Euclidean dimension m by the super-dimension 
M (see e.g. and formula ©). 

The classical Schrodinger equation on R" l l° is given by 
(when working in units m = h = 1) 

~^7 2 ^{ Xi ) + ViP{ Xl ) = EiP( Xi ). 

A canonical generalization of this equation to superspace 
is found by replacing —V 2 by the super Laplace operator 
and V by a potential in both the commuting and anti- 
commuting variables, yielding 

~Aip(xi;xj) + V(xi;xj)ip(xi;xj) = Ei/j(xi;£j). (1) 

In this equation, ?/>(£,; Xj) is a super- function, i.e. a func- 
tion of the general form 

/= E U(xi)£?...xZ n (2) 

v=(vi,...,v 2n ) 

where z/j = or 1 and f v {xi) is a complex- valued function 
of the (real) co-ordinates Xi . 

This means that equation ([T]) is in general equivalent 
with a complicated set of partial differential equations in 
the f v {xi), of which it is a priori not clear that it can be 
solved. We can define a norm on superfunctions ©e.g. 
as follows 




fAxi)fA^)dV(X). 



Equation ([T]) has already been studied in the case 

V = —X 2 /2 (super harmonic oscillator, see e.g. [1, 0] 
for the purely fermionic case and also [4|) and in the case 

V = 1/X (super Kepler problem, see [8(). In this paper 
we will study the case V = 5(X) with S(X) the super 
Dirac distribution or delta potential. The equation will 
be solved using the general Fourier transform in super- 
space (see @). 
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The one dimensional version of this problem is well 
known and yields one bound state solution. Interesting 
enough, the problem is not solvable using Fourier anal- 
ysis if one considers a higher dimensional generalization 
of the problem: the wave function is then singular at the 
origin, making it impossible to determine the correspond- 
ing energy. 

However, our superspace approach allows us to study 
this problem not in higher but in smaller (i.e. more neg- 
ative) dimensions M by increasing the number of anti- 
commuting variables. In the sequel, we will explicitly 
determine the energy of the bound state solution as a 
function of M. In the case m = 1, n ^ we will also give 
an explicit expression for the wave function. 



II. SCHRODINGER EQUATION IN 
SUPERSPACE 

The one dimensional Schrodinger equation with a delta 
potential is given by 



Id? 

2dx 



o3Z2^ ~ aS(x)ip = Etjj 



where a is a positive constant, modeling the strength of 
the potential. It has one bound state solution, namely 
rf> = e~ a ' x ' with corresponding energy E = — a 2 /2. 

A canonical generalization of this equation to super- 
space is given by (see equation (JTJ) 

^A?A - a5(X)tp = Ei/j 

with the super Dirac distribution given by 

5{X) = ■K n 5{X)x l . . . x 2n = ^S(X)X 



2n 



where <5(X) is the classical Dirac distribution in W n . 

We will solve this equation using the super Fourier 
transform (see @), defined as 



•^i 2n (-)on = (2^r M/2 / exp( T i(x,y))(.) 



with 



m 1 n 



3 = 1 



and where f Rm \ 2n is the Berezin integral (see [1C| . Q) 
defined by 

/ / = 7r""/ dV(X)d x ~ 2n ...d x ~J. 

We first put E = —E as we wish to obtain negative 
energies. We then obtain, putting F — -^^(VOj 

-\y 2 F - a(27r)- M / 2 V>(G) = -EF 



E-Y 2 /2 
In this equation 1/(15 — Y 2 /2) equals 



E-Y 2 /2 r 2 /2 + E-Y/2 



1 



2 /2 + E 



1 - 



Y j2 
2 /2 + E, 



n 

1 I Z7 t-^t 



• 2k 



Y jT 



r 2 /2 + E^~ / {r 2 /2 + E) k 

where r 2 = —Y_ 2 = y 2 . Applying the inverse Fourier 
transform T~ ,„ to F then yields 

m\2n J 

4>{x l ;x J ) 

= J~m\2n(F) 

atp(0) 



1 



aip(0) A 2 k - n k\ ~2n-2k 



(r 2 /2 + E) k +\ 
1 



I — 



m \° I ( r 2 



(r 2 /2 + E) 



k+1 



The energy E is found by evaluating the wave function 
at Xi = Xj = 0. This gives the following equation: 



1 = a{2n)- M ' 2 n\T 



1 



m|0 



v (r»/2t£)»+Vi=o 
This Fourier integral is evaluated as follows: 

1 \ 



{r 2 /2 + E) 



n+l 



X=0 



(27T) - m ' 2 I e"^> dV( ^ | \ _, , 



= (2ir)- m / 2 
= {2ir)- m / 2 



(r 2 /2 + E) n + 1 
dV(Y) 



(r 2 /2 + E) n + 1 



da 



r =o {r 2 /2 + E) n + 1 Js™-i 
= —E M / 2 - 1 T{\-M/2). 

IV. 

Note that the integral over r only converges if M < 1. 
This was to be expected, as the classical Schrodinger 
equation with delta potential is not solvable using Fourier 
methods in higher dimensions. 

We hence obtain the following expression for the en- 
ergy of the single bound state, as a function of the super- 
dimension M: 



E=-E=- 



(2ir) M / 2 



aT(l - M/2) 



Ad / 2 — 1 



(3) 
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Again, this expression is only well-defined if M < 1. 

For M tending to — oo we have the following asymp- 
totic behaviour 



Eoc —M w 1.1557M. 

e 



In table U we give the numerical value of the energy for 
several values of the super-dimension in the case a = 1. 

Let us now consider the case m = 1, n ^ 0. In this 
case we can explicitly calculate T^ {{y 2 /2 + E)-^ 1 ) for 



all k using contour integration and the residue theorem. 
This yields 



1 



1|0 



= V2tt- 



y (y 2 /2 + EY+ 1 / 
ifc+i . — fe 



fc! 



,-V2£|z| 



E- 



(fc + j)! 



3=0 



(2V2£ , ) fe +J+ 1 



The complete wave function is then given by 



ip(x) = a7r"V(0)e" 



'2B|x 



EE 

fe=Q j=Q 



2 2fe+l \ x \k-j ^ 2n -2k 



(n-ky.jl(k-j)l 



X 



(2V2E) k +i+ 1 



r 



Table I: The energy as a function of the super-dimension M 
(a = l). 



M 


Energy 


1 


-0.5 





-1 


-1 


-1.7025 


-2 


-2.5066 


-3 


-3.3757 


-1000 


-1148.8 



In principle, V'(O) can be determined by normalizing the 
wave function such that ||^(a;)|| = 1. This leads however 
to a very complicated formula. In the case m = 1, n = 
everything reduces to the classical result. 

In general dimension the complete wave function is 

/ „x-fc-l 

found by calculating F m i Q f r 2 /2 + Ej . Explicit ex- 
pressions can be found e.g. in [ll[. Note that the inverse 
Fourier transform is singular at the origin if m > 2k + 2. 
However, this poses no problems as long as the body of 
the wave function (i.e. the function obtained by putting 
all anti-commuting variables equal to zero) is finite at the 
origin. This is the case if M < 1. 



solving the Schrodinger equation is then a purely alge- 
braic eigenvalue problem. 

The method of the previous section can be used to 
determine the energy level 

E=- ((m!(27r)")^T 

and the corresponding wave function. However, if n is 

i 

odd, we also have the level E = (an!(27r) n ) ™ +1 , corre- 
sponding to the negative root from equation ([3]). More- 
over, there is always an energy level E = with degen- 
eracy ( 2 ™ r ^ 1 ) — 1. This can easily be proven using the 
general method developed in [12j to solve the fermionic 
Schrodinger equation. 



IV. CONCLUSIONS 

In this paper we have defined a Schrodinger equation 
on superspace and solved it using Fourier analysis in the 
case where the potential is the delta potential and the 
super-dimension is smaller than or equal to 1. We have 
obtained an explicit expression of the energy of the single 
bound state solution in terms of the super-dimension. In 
the case where there is only one commuting variable we 
have also completely determined the wave function. 



III. THE PURELY FERMIONIC CASE 
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